ABOUT THE SUM
OF QUASICONVEX

FUNCTIONS

Documento de Discusion
CIUP

DD1707

Diciembre, 2017

Yboon Garcia

Profesora e investigadora del CIUP
garcia_yv@up.edu.pe

Fabian Flores-Bazan
Universidad de Concepcion, Chile
fflores@ing-mat.udec.cl

Nicolas Hadjisavvas
University of the Aegean, Syros, Greece
nhad@aegean.gr

\ UNIVERSIDAD
DEL PACIFICO

CENTRO DE INVESTIGACION


mailto:garcia_yv@up.edu.pe
mailto:fflores@ing-mat.udec.cl
mailto:nhad@aegean.gr

Las opiniones expresadas en este documento son de exclusiva responsabilidad del autor
y no expresan necesariamente aquellas del Centro de Investigacion de la Universidad
del Pacifico o de la Universidad misma.

The opinions expressed here in are those of the authors and do not necessarily reflect
those of the Research Center of the Universidad del Pacifico or the University itself.
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ABSTRACT. We provide conditions under which the sum of two quasi-
convex functions is also a quasiconvex function.

1. INTRODUCTION AND PRELIMINARIES

In utility theory [10] is well-known the result: “if u is a quasiconcave real
function of the form

u($1,$2a e 7:CTL) = fl(fpl) + f2(x2) + o+ fn(xn)v

where f1, fa,..., fn are real continuous functions whose domains are inter-
vals on the real line, then at least n — 1 of the functions f;, i = 1,2,...,n
must be concave functions”.

In optimization theory, theorems of the alternative (transposition theorems)
have proved to be an important tool to derive existence of Lagrange mul-
tipliers, duality results, scalarization of vector optimization problems, etc.
The earliest version of the alternative theorem due to Fan, Glicksberg and
Hoffman involves convex functions [6]. In order to generalize this version
without convexity the authors in [9] introduce the notion of *-quasiconvexity
with respect to the ordering cone R’} (it is called scalarly R’!-quasiconvexity
in [7]). Given a convex set K C R", a function F' : K — R™, it said to be
x-quasiconvex if

(1.1) xr € K — (p*, F(x)) is quasiconvex for all p* € R"".

By virtue of the preceding result in utility theory, one could expect the
convexity of some components of f under x-quasiconvexity. Unfortunately,
this is not the case as the following examples show, and even if semistrict
quasiconvexity on each of the functions x — (p*, F'(x)) is imposed.

Example 1.1. Let K = [~1,+oc0[. We consider F : K — R?, F = (f1, f2)
with f1, fo : K — R defined by

2 .
et if —1<2<1
ﬁ“*‘{1, ifr>1,

zt, if —1<z<1
1, if x> 1.
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Given p = (p1,p2) € R2 ., we have
4 2
- _ ) ma® +paz®, if —1<z<1
Fya) = (. F) = { P 0 TS

We have that F, is quasiconvez for all (p1,p2) € R?H, but f1 and fo are
not convez.

Example 1.2. Let K = R. We consider F : K — R?, F = (f1, f2) with
f1, fo : K — R defined by

—x ifx < —1
filz)=4 22, if —1<x<1
x, ifx>1,
—x ifx < —1
folx) =< 2t if —1<x<1
x, if x> 1.

Let p = (p1,p2) € R%, we obtain

—(p1 + p2)x if v < —1
Fo(z) = (p,F(z)) = ¢ pat+pox?, if —1<z<1
(p1 + p2)z if v > 1.

We have that F), is quasiconvex and semistrictly quasiconvez for all (p1,p2) €
R?H_, but f1 and fo are not convex.

The purpose of this note is to provide sufficient conditions guaranteeing
the quasiconvexity of two quasiconvex functions defined in reflexive Banach
spaces. This will be done in an abstract framework by means of the charac-
terization of quasiconvexity through the quasimonotonicity of an apropiate
operator associated to the given functions. We will consider the subdiffer-
ential and the normal operators.

Throughout, X denotes a real Banach space, X* its continuous dual and
(-,-) the pairing between X and X*. We will denote by R, the set of
strictly positive numbers, i.e., Ry = ]0, +o0l.

Given a (single or set-valued) operator T': X = X* its graph is the set

Gr(T) = {(z,2") e X x X* : 2" € T(x)},

and its projection onto X is called the domain of T and will be denoted by
DomT. A set-valued operator T : X = X™ is said to be quasimonotone, if
for all z1,x92 € Dom(T') and =7 € T(z1),

(x],x2 —x1) >0 = (25,20 — 1) >0, for all x5 € T'(x2).
Given a lower semicontinuous function f: X — RU {400} we denote by
dom f={zx € X: f(z) < +o0}
its domain (which we always assume nonempty), and for any A € R
SA(f) ={z € X : f(z) <A},

its level set of order A, to simplify the notation we will write S.
If f is differentiable we denote by

Crit(f) = {z € dom f’ : f'(x) = 0}.
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its set of critical points.
An extended real-valued function f : X — RU{+o0} is called quasiconver,
if for all z,y € dom (f)

(1.2) fltz + (1~ t)y) < max{ f(z), f(y)}, Ve € 0,1

Equivalently, f is quasiconvex if and only if S)(f) is a convex set for all
X € R. Recall that given a convex set C, the normal cone to C at x € C
is defined by

Ne(z) ={z* : (z*,d) <0,Vd € Tc(z) },

where T (z) = U A(C — {z}), the Bouligand tangent cone of C' at x € C.

A>0
Many ways to characterize the quasiconvexity of a lower semicontinuous

functions have been done in the literature, from which in connection to the
generalized monotony we know two: via subdifferentials [1, 5, 8] and via
cones normal to the level sets [3, 2].

1.1. Subdifferential characterization. Given a lower semicontinuous func-
tion f: X — RU{+oo}, for x € dom f we denote by

fT(ﬂ% u) = suplimsup inf fly+tv) = f(y)
6>0 y—rszx vEB(u,d) t
t\0+

its Clarke-Rockafellar generalized derivative, where ¢ \, 0" indicates the fact
that ¢ > 0 and t — 0, and y — ¢ = means that both y — = and f(y) — f(x).
Then the Clarke-Rockafellar subdifferential 0f(z) of the function f at the
point x is defined as follows (cf. [4]):

0f(z) _{ {x* € X : fN(x,u) > (x* u), for alluEX}, if x € dom f

0, otherwise.
Theorem 1.3 ([1, Theorem 4.1]). Let f : X — R U {+o0} be a lower
semicontinuous function. Then, f is quasiconvez if and only if Of is quasi-
monotone.

1.2. Normal characterization. Given a lower semicontinuous function f :
X — R, the set-valued operator Ny : X = X* defined by

Ng, . (z), ifx € dom f
— f(z) ’
Ny(z) { 0, otherwise,

is the Normal Operator associated to f.

Theorem 1.4 ([2, Theorem 3,3]). Let X a reflexive Banach space, and
f: X = R a lower semicontinuous function. Then, [ is quasiconvex if and
only if Ny is quasimonotone.

2. MAIN RESULT

Proposition 2.1. Let 11,715 : X = X* be two quasimonotone operators. If
for any x,y € Dom(T1 + Tb)

Ryt Ti(x) C Ry To(),

then T1 + 15 is a quasimonotone operator.
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Proof. Let (z,2*) € Gr(T1 + T2) and y € Dom(7T; + T) such that
(2.3) (x*,y —xz) > 0.
Since z* = a7 + x5 with 27 € T1(x) and x5 € T>(x), we have that
(xl,y—x) >0 or (z5,y—x)>0.
Assume that
(2.4) (x],y —x) > 0.
By hypothesis there exists A > 0 and z* € T5(x) such that ] = Az*.
Thus, we also have
(2.5) (z",y—x) > 0.
Using (2.4), (2.5) and the quasimonotony of 77 and Tb respectively, we get
(yi,y —z) >0, for all yi € T1(y),
and
(y5,y —x) >0, for all y5 € To(y).
Summing up these two inequalities, we get

(Wi +yz.y—x) 20, for all yj € Ti(y), i=12,
or equivalently
(y*,y —x) >0, for all y* € (T1 + T2)(y).
The case (x3,y — x) > 0 is similar. O

In order to treat both kinds of characterization of lower semicontinuous
quasiconvex functions, the subdifferential and the normal, we introduce the
following notation: for a lower semicontinous function f: X — RU {400}
we denote by Ty : X = X™ the operator which characterizes f in the sense
that

f is quasiconvex, if and only if Tt is quasimonotone.

Theorem 2.2. Let f1,fo : X — RU {+o0} be two lower semicontinuous
quasiconvex functions. Assume that

(1) for any 2,y € Dom(Ty, + Tp,), R T, () = By 2Ty, (a);
(2) Tryvpo =Tp + Ty
Then f1 + f2 is a quasiconver functions.

Proof. Applying Proposition 2.1 we have that T, + T}, is a quasimonotone
operator; the result follows from the definition of T, 4 f,. g

3. AN APPLICATION

Here, we exhibit an application of the notion of x-quasiconvexity. The re-
sult to be established is important by itself and ensures that any constrained
scalar minimization problem can be reformulated with a single constrain un-
der generalized convexity assumptions and a Slater-type condition. This re-
sult is a generalization of that obtained in [?]. Let us consider the following
constrained minimization problem

(3.6) p = inf f(z),
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where K = {z € C': g(z) € —P}, C is a nonempty subset of a real locally
convex topological vector space X, f: C — R,and g: C — Y, with Y as
before and P C Y is a closed convex cone with nonempty interior. Let us
consider also the assumption

(3.7)

Vp* € P*, the restriction of (p*, g(-)) on any line segment of K is continuous.

Theorem 3.1. Let us consider problem (3.6) with f being quasiconvex.
Assume that p is finite and g : C — Y is x-quasiconver such that for
all p* € P*\ {0}, x € C — (p*,g(x)) is semistrictly quasiconvex. If, in
addition, the Slater-type condition that for some T € C, (y*, g(z)) < 0 for
all y* € P*\ {0} holds. Then, there exists p* € P*\ {0} such that

(3.8) ot fl@) = if  f(z)
xeC zeC

Proof. Let us consider
M =g(Co)+ P, Co={z€C: flz) <p}

Since Cy is convex and g is *-quasiconvex on any convex subset C’ of C, the
set M is convex by a corollary in [?]. We can assume that M is nonempty
since otherwise any p* € P* verifies (3.8). Evidently, M N (—=P) = 0, for
if not, there exists zg € —P such that zyg € M, that is, there is g € C
satisfying zg — g(xo) € P. It turns out that g(xg) € —P, z9 € C, f(zo) < u,
which cannot happen. We apply a convex separation theorem to obtain the
existence of p € P*, p* # 0, a € R, such that

(p*,z) > aforal ze€ M, (p*,u) < a for all u € —P.

Hence,
(3.9) p* € P* and (p*, g(x)) > 0 for all x € Cy.
Let x € C, (p*,g(z)) <0. In case f(x) < u, thatis, x € Cp, we get g(x) € M
and thus (p*,g(x)) = 0. Set z; = tT + (1 — t)z. Assume that f(z;) < p
for some ¢ € |0, 1], then by semistrict quasiconvexity, 0 < (p*, g(z:)) < 0, a
contradiction. Whence f(x¢) > p for all ¢ € ]0,1[. By continuity, f(z) > pu.
This implies

inf > inf :

o slipso T 2 (B T

zeC zeC

The reverse inequality is trivial. O
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